Abstract. Rational discrete cohomology and homology for a totally disconnected locally compact group G is introduced and studied. The Hom-⊗ identities associated to the rational discrete bimodule Bi(G) allow to introduce the notion of rational duality groups in analogy to the discrete case. It is shown that semi-simple groups defined over a non-discrete, non-archimedean local field are rational t.d.l.c. duality groups, and the same is true for certain topological Kac-Moody groups. However, Y. Neretin's group of spheromorphisms of a locally finite regular tree is not even of finite rational discrete cohomological dimension. For a unimodular t.d.l.c. group G of type FP it is possible to define an Euler-Poincaré characteristic χ(G) which is a rational multiple of a Haar measure. This value is calculated explicitly for Chevalley groups defined over a non-discrete, non-archimedean local field K and some other examples.
Introduction
For a topological group G several cohomology theories have been introduced and studied in the past. In many cases the main motivation was to obtain an interpretation of the low-dimensional cohomology groups in analogy to discrete groups (cf. [3] , [33] , [34] , [35] ).
The main subject of this paper is rational discrete cohomology for totally disconnected, locally compact (= t.d.l.c.) groups. Discrete cohomology can be defined in a very general frame work. We will call a topological group G to be of type OS, if in analogy to discrete groups (cf. §4).
The rational discrete cohomological dimension cd Q (G) (cf. (3.11)) reflects structural information on a t.d.l.c. group G, e.g.,
(1) G is compact if, and only if, cd Q (G) = 0 (cf. Prop. 3.7(a)); (2) the flat rank of G is bounded by cd Q (G) (cf. Prop. 3.10(b)); (3) if G is acting discretely on a tree with compact stabilizers then cd Q (G) ≤ 1 (cf. Prop. 5.4(b)); (4) more generally, if G is acting discretely on a contractable simplical complex Σ with compact stabilizers, then cd Q (G) ≤ dim(Σ) (cf. Prop. 6.6(a)); (5) a nested t.d.l.c. group G satisfies cd Q (G) ≤ 1 (cf. Prop. 5.8).
The existence of finitely generated projective rational discrete Q[G]-modules allows to define the FP k -property, k ∈ N 0 ∪ {∞}, (cf. §3.6) in analogy to discrete groups (cf. [14, §VIII.5]). A t.d.l.c. group G is compactly generated if, and only if, it is of type FP 1 (cf. Thm. 5.3). Using the theory of rough Cayley graphs due to H. Abels (cf. [1] ) and Bass-Serre theory, one may also introduce the notion of a compactly presented t.d.l.c. groups (cf. §5.8). Such a group must be of type FP 2 .
For a t.d.l.c. group G there is not necessarily a group algebra but two natural rational discrete Q[G]-bimodules Bi(G) and C c (G, Q) and both turn out to be useful in this context. If G is unimodular, they are isomorphic, but not necessarily canonically isomorphic; if G is not unimodular, they are non-isomorphic (cf. Prop. 4.11(b) ). The Q[G]-bimodule C c (G, Q) just consists of the continuous functions with compact support from G to the discrete field Q. The rational discrete left Q[G]-module Bi(G) is defined by (1.4) Bi(G) = lim − →
O∈CO(G)

Q[G/O],
where CO(G) = { O ∈ Osgrp(G) | O compact } and the direct limit is taken along a rational multiple of the transfers (cf. (4.15) ). It carries naturally also the structure of a discrete right Q[G]-module. The rational discrete Q[G]-bimodule Bi(G) can be used to establish Hom-⊗ identities which are well known for discrete groups (cf. §4.3). This allows to define the notion of a rational t.d.l.c. duality group. In more detail, a t.d.l.c. group G will be said to be a rational duality group of dimension d ≥ 0, if (i) G is of type FP ∞ ; (ii) cd Q (G) < ∞; (iii) dH k (G, Bi(G)) = 0 for k = d.
Note that any discrete virtual duality group in the sense of R. Bieri and B. Eckmann (cf. [9] ) of virtual cohomological dimension d ≥ 0 is indeed a rational t.d.l.c. duality group of dimension d ≥ 0, and the same is true for discrete duality groups of dimension d over Q (cf. [8, §9.2] ). For these t.d.l.c. groups one has a nontrivial relation between discrete cohomology and discrete homology (cf. Prop. 4.10).
However, it differs slightly from the usual form. A t.d.l.c. group G satisfying (i) and (ii) will be said to be of type FP. Note that a t.d.l.c. group G satisfying (i), (ii) and (iii) must also satisfy cd Q (G) = d (cf. Prop. 4.7). The rational discrete right Q[G]-module
will be called the rational dualizing module. A compact t.d.l.c. group G is a rational t.d.l.c. duality group of dimension 0 with dualizing module isomorphic to the trivial right Q[G]-module Q. If G is a compactly generated t.d.l.c. group satisfying cd Q (G) = 1, then G is a rational t.d.l.c. duality group of dimension 1.
Provided that G acts discretely on a locally finite tree T with compact stabilizers one has an isomorphism of rational discrete left Q[G]-modules 
13). For a right Q[G]-module M we denote by
× M the associated left Q[G]-module, i.e., for m ∈ M and g ∈ G one has g · m = m · g −1 . Let G be a t.d.l.c. group. The family of compact open subgroups C of G is closed under conjugation and finite intersections. Hence there exists a G-classifying space E C (G) for the family C (cf. [32, §2] , [47, Chap. 1, Thm. 6.6]) which is unique up to G-homotopy equivalence. E.g., if Π = π 1 (A, Λ, x 0 ) is the fundamental group of a graph of profinite groups, then the tree T = T (A, Λ, Ξ, E + ) arising in Bass-Serre theory (cf. [41, §I.5.1, Thm. 12]) is an E C (Π)-space (cf. §6.10). For algebraic groups defined over a non-discrete non-archimedean t.d.l.c. field K a celebrated theorem of A. Borel and J-P. Serre yields the following (cf. §6.11).
Theorem A. Let G be a simply-connected semi-simple algebraic group defined over a non-discrete non-archimedian local field K, let (C, S) be the affine building associated to G, and let |Σ(C, S)| denote the topological realization of the Bruhat-Tits realization of (C, S). Then G(K) is a rational t.d.l.c. duality group of dimension d = rk(G) = dim(Σ(C, S)), and
(|Σ(C, S)|, Q). Moreover, |Σ(C, S)| is an E C (G(K))-space.
Here rk(G) denotes the rank of G as algebraic group defined over K, i.e., rk(G) coincides with the rank of a maximal split torus of G. As already mentioned in [12] one may think of × D G(K) as a generalized Steinberg module of G(K). Another source of rational t.d.l.c. duality groups arises in the context of topological Kac-Moody groups as introduced by B. Rémy and M. Ronan in [40, §1B] . In principal, these t.d.l.c. groups behave very similarly as the examples described 1 Although this topological space is also known as the realization of the tree T (cf. [41, §I.2, p. 14]), we have chosen this name in order to avoid the linguistic ambiguity with the geometric realization of buildings.
2 Throughout this paper Haar measures are considered to be left invariant.
in Theorem B, but there are also quite notable differences. Any split Kac-Moody group G(F) defined over a finite field F has an action on the positive part Ξ + of the associated twin building. Assuming that the associated Weyl group (W, S) is infinite one definesḠ(F) as the permutation closure of G(F) on its action on the chambers of Ξ + . ThenḠ(F) acts also on Σ(Ξ + ), the Davis-Moussang realization of Ξ + , which is a finite dimensional locally finite simplicial complex. The subgroupḠ(F)
• ofḠ(F), which is the closure of the image of the type preserving automorphisms of Ξ, is of finite index inḠ(F). This group has the following properties.
Theorem B. Let F be a finite field, letḠ(F) be a topological Kac-Moody group obtained by completing the split Kac-Moody group G(F), and let (W, S) denote its associated Weyl group.
(a) Then Σ(Ξ) is a tame C-discrete simplicialḠ(F)
• -complex, and |Σ(Ξ)| is an
|Σ(Ξ)|, Q). (d)Ḡ(F)
• (and henceḠ(F)) is a rational t.d.l.c. duality group if, and only if, W is a rational duality group.
One may verify easily that whenever W is a hyperbolic Coxeter group, the topological Kac-Moody groupḠ(F)
• is indeed a rational t.d.l.c. duality group (cf. Remark 6.12). However, one may also construct examples of topological Kac-Moody groups which are not rational t.d.l.c. duality groups (cf. Remark 6.13).
We close our investigations with a short discussion of the Euler-Poincaré characteristic χ(G) one may define for a unimodular t.d.l.c. group G of type FP. The value χ(G) is a rational multiple of a left invariant Haar measure µ O , µ O (O) = 1, for some compact open subgroup O of G. Indeed, for a discrete group Π of type FP it is straightforward to verify that χ(Π) = χ Π · µ {1} , where χ Π denotes the classical Euler-Poincaré characteristic (cf. [14, §XI.7] ). Although we present some explicit calculations in section 7.2, we are still very far away from understanding the generic behaviour of the Euler-Poincaré characteristic. We conjecture that a unimodular compactly generated t.d.l.c. group G satisfying cd Q (G) = 1 should have non-positive Euler-Poincaré characteristic (cf. Question 6). An affirmative answer to this question would resolve the accessibility problem, and thus would yield a complete description of unimodular compactly generated t.d.l.c. groups of rational discrete cohomological dimension 1.
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is a minimal injective envelope in R [G] dis. This has the following consequence. 2.3. Closed subgroups. Let H be a closed subgroup of the topological group G of type OS. Then one has a restriction functor
, is the coinduction functor, is left exact. It is the right-adjoint of the restriction functor. In particular, dcoind G H ( ) is mapping injectives to injectives (cf. [49, Prop. 2.3.10] ). Let N be a closed normal subgroup of the topological group G of type OS. The canonical projection π : G →Ḡ, whereḠ = G/N , is surjective, continuous and open. One has an inflation functor
which is exact. The inflation functor is left-adjoint to the N -fixed point functor
which is left exact. In particular, one has the following (cf. [49, Prop. 2.3.10]).
Fact 2.4. Let G be a topological group of type OS, and let N be a closed normal subgroup of G. Then the N -fixed point functor 
module, and one has an exact induction functor
which is the left adjoint of the restriction functor res 
k ≥ 0, admit long exact sequences in the first and in the second argument. Moreover, dExt
where R denotes the trivial left R[G]-module. 
commutes. Moreover, φ
• is unique up to chain homotopy equivalence with respect to this property. Let
is a mapping of cochain complexes of R-modules. Applying the cohomology functor yields a mapping of cohomological functors (2.12) res
The map res
• G,H ( ) will be called the restriction functor in discrete cohomology.
2.7.
The inflation functor. Let N be a closed normal subgroup of the topological group of type OS, and let π :
By the comparison theorem in homological algebra, one has a mapping of cochain complexes of left
• which is unique up to chain homotopy equivalence such that the diagram
commutes. Applying first the fixed point functor G and then the cohomology functor one obtains a functor (2.14) inf
), which will be called the inflation functor in discrete cohomology.
2.8. The Hochschild -Lyndon -Serre spectral sequence. Let N be a closed normal subgroup of the topological group G of type OS, and let π : G →Ḡ,Ḡ = G/N , denote the canonical projection. The functor
dis is mapping injectives to injectives (cf. Fact 2.4). Thus for M ∈ ob( R[G] dis) the Grothendieck spectral sequence (cf. [49, Thm. 5.8.3] ) yields a Hochschild-Lyndon-Serre spectral sequence
of cohomological type concentrated in the first quadrant which is functorial in M . The edge homomorphisms are given by
and one has a 5-term exact sequence
9. An Eckmann-Shapiro type lemma. Let H be an open subgroup of the topological group G of type OS, and let
In particular, for B = R one obtains natural isomorphisms
is a commutative diagram of cohomological functors with values in R[G] dis, where ε : ind G H (R) → R is the canonical map.
3. Rational discrete cohomology for t.d.l.c. groups
Throughout this section we will assume that G is a t.d.l.c. group. Furthermore, we choose R = Q to be the field of rational numbers. From now on we will omit the appearance of the field Q in the notation, i.e., we put dH 
where the projective limit is running over all open normal subgroups U of G. By Maschke's theorem, one has dH k (G/U, M U ) = 0 for k ≥ 1, and thus, by 
In particular, soc(I k ) = 0, and therefore I k = 0. Hence M is injective. Proof of Claim 3. 
where Ω is considered to be a discrete topological space and G × Ω carries the product topology. We say that Ω is a discrete left G-set with compact stabilizers, if stab G (ω) is a compact and open subgroup for any ω ∈ Ω.
Let Ω be a left G-set. Proof. Let Ω = i∈I Ω i be the decomposition of Ω into G-orbits. Since Q[Ω] = i∈I Q[Ω i ] and as the coproduct of projective objects remains projective, it suffices to prove the claim for transitive discrete left G-sets Ω with compact stabilizers, i.e., we may assume that for ω ∈ Ω one has an isomorphism of left G-sets Ω ≃ G/O, and an isomorphism of left 3.3. Signed rational discrete permutation modules. For some application it will be useful to consider signed discrete permutation modules. Let (Ω,¯, ·) be a signed discrete left G-set, i.e., (Ω,¯) is a signed set (cf. §A.5), and (Ω, ·) is a left G-set satisfying
Let Ω = j∈J Ω r be a decomposition of Ω in G × C 2 -orbits, where C 2 = Z/2Z and σ = 1 + 2Z ∈ C 2 acts by application of¯. We say that G acts without inversion on Ω j , if g · ω = ω for all g ∈ G and ω ∈ Ω j , otherwise we say that G acts with inversion. In this case, there exists g ∈ G and ω ∈ Ω j such that g ·ω =ω. Moreover, the action of G ±ω = stab G ({ω,ω}) on Q · ω ⊆ Q[Ω] is given by a sign character
Moreover, by choosing representatives of the G × C 2 -orbits, one obtains an isomorphism of discrete left Q[G]-modules
Note that by the ± -construction (cf. §A.5) any rational discrete permutation module Q[Ω] can be considered as the signed rational discrete permutation module
3.4. The rational discrete cohomological dimension. Let M be a discrete left
is defined to be the minimum of such n ≤ ∞. As in the discrete case one has the following property.
Lemma 3.6. Let G be a t.d.l.c. group, and let M be a discrete left
Then the following are equivalent.
Proof. The proof of [14, Chap. VIII, Lemma 2.1] can be transferred verbatim.
will be called the rational discrete cohomological dimension of G, i.e., one has (3.12)
In particular, if H is normal and co-compact, then equality holds in (3.14).
Proof. (a) If G is compact, then G is profinite, and thus, by Proposition 3.1, . The final remark is a consequence of (3.13), (3.14) and part (a).
Remark 3.8. Let G be a t.d.l.c. group, and let H ⊆ G be such that |G : H| < ∞.
One concludes from Proposition 3.7(c) that cd Q (H) = cd Q (G). However, the following question will remain unanswered in this paper.
Remark 3.9. Proposition 3.7(c) implies that for any discrete group D of a t.d.l.c. group G one has
3.5. The flat rank of a t.d.l.c. group. Let G be a t.d.l.c. group, and let H be a closed subgroup of 
is also compact. One has the following property.
Proof. (a) For any abelian group A which is a free over a set I A one has
Let O be a compact open subgroup such that O is tidy for all h ∈ H. By hypothesis, N G (O) is compact, and therefore C = H ∩ N G (O) is compact. Then, by Proposition 3.7(a) and the Hochschild-Lyndon-Serre spectral sequence (cf. (2.15)), one has natural isomorphisms dH
Remark 3.11. (Neretin's group of spheromorphisms) Let T d+1 be a d+1-regular tree, and let G = Hier • (T d+1 ) = N d+1,d be the group of all almost automorphisms (or spheromorphisms) of T d+1 introduced by Y. Neretin in [37] . It is well known that G is a compactly generated simple (in particular topologically simple) t.d.l.c. group. The group G contains a discrete subgroup D which is isomorphic to the HigmanThompson group F d+1,d . From this fact one concludes that G contains discrete subgroups isomorphic to Z n for all n ≥ 1. Hence, by Remark 3.9, cd Q (G) = ∞. 
of M will be called to be of finite type, if P j is finitely generated for all 0 ≤ j ≤ n. One has the following property.
Proposition 3.12. Let G be a t.d.l.c. group, and let M be a discrete left Q[G]-module. Then the following are equivalent:
-module M is finitely generated and for every partial projective resolution of finite type The discrete left Q[G]-module M will be said to be of type FP n , n ≥ 0, if M satisfies either of the hypothesis (i) or (ii) in Proposition 3.12, i.e., M is of type FP 0 if, and only if, M is finitely generated. If M is of type FP n for all n ≥ 0, then M will be said to be of type FP ∞ . The t.d.l.c. group G will be called to be of type FP n , n ∈ N ∪ {∞}, if the trivial left Q[G]-module Q is of type FP n .
Rational discrete homology for t.d.l.c. groups
is an exact functor, and as (4.2) ind
is an exact functor. Moreover, as ⊗ G commutes with direct limits in the first and in the second argument (cf. [14, §VIII.4, p. 195] ), the sequence
dis → Q mod, and define the rational discrete homology of G by
. By definition, one has the following properties.
Using the previously mentioned arguments one concludes that
This yields the claim. (c) is a direct consequence of Proposition 3.1.
Invariants and coinvariants. Let O be a profinite group, and let
is called the space of O-invariants of M , and
is called the space of O-coinvariants of M . By definition, one has a canonical map
One has the following.
Proposition 4.2. Let O be a profinite group, and let M be a discrete left 
As τ M is surjective and C ⊆ ker(τ M ), one concludes that φ M,O is bijective, and C = ker(τ M ). The commutativity of the diagrams (4.10) can be verified by a straightforward calculation.
4.2.
The rational discrete standard bimodule Bi(G). For a t.d.l.c. group G the set of compact open subgroups CO(G) of G with the inclusion relation "⊆" is a directed set, i.e., (CO(G), ⊆) is a partially ordered set, and for
where R ⊂ U is any set of coset representatives of U/V . As ind
By construction, one has for
where 
Proof. 
x ∈ G, and R ⊆ U is a set of coset representatives of U/V , i.e., U = r∈R rV . Thus the family of maps (θ M,U ) U∈CO(G) induces an isomorphism
which is natural in M . Note that the map θ M can be described quite explicitly.
From the commutative diagram (4.23) one concludes the following property.
Proposition 4.4. Let G be a t.d.l.c. group. Then one has a natural isomorphism
Remark 4.5. Let G be a t.d.l.c. group. One verifies easily using (4.26) that
defines the structure of an associative algebra on (Bi(G), ·). However, (Bi(G), ·) contains a unit 1 Bi(G) ∈ Bi(G) if, and only if, G is compact. Nevertheless, the algebra (Bi(G), ·) has an augmentation or co-unit, i.e., the canonical map
The algebra Bi(G) comes also equipped with an antipode
Again by (4.26) one verifies also that
Then one has a canonical map (cf. (4.25))
From now on we will assume that the canonical embedding
is given by inclusion. By the Eckmann-Shapiro-type lemma (cf. §2.9), the map
In particular, one has an isomorphism (4.34)
induced byˆ. Hence, by the Eckmann-Shapiro-type lemma (cf. §2.9), (4.22) , and the commutativity of the diagram
The additivity Hom G ( , M ) yields the following.
, and assume further that P is finitely generated and projective. Then
is an isomorphism.
4.4.
Dualizing finitely generated projective rational discrete Q[G]-modules. From (4.34) one concludes that for any finitely generated projective rational discrete left Q[G]-module P , Hom G (P, Bi(G)) is a finitely generated projective rational discrete right Q[G]-module. In order to obtain a functor
By construction, if P is a finitely generated projective rational discrete left Q[G]-module, then P ⊛ is a finitely generated projective rational discrete left
Then for g ∈ G one has
⊛⊛ , and thus one has a Q-linear map
It is straightforward to verify that one obtains a natural transformation
By (4.32) and (4.34) one has for
commute. This yields that ϑ Q[G/U] is an isomorphism. Hence the additivity of ϑ and the functors id Q[G] dis and ⊛⊛ imply that ϑ P : P → P ⊛⊛ is an isomorphism for every finitely generated projective rational discrete Q[G]-module P . 
i.e., m ≥ d, and this yields the claim. 
the rational dualizing module of G. It has the following fundamental property. 
is a chain complex of projectives, and as (Q • , ð • , ε DG ) is exact, the comparison theorem in homological algebra implies that there exists a mapping of chain complexes
is an isomorphism. By the Hom-⊗ identity (4.36), one has a natural isomorphism of chain complexes 
By Proposition 4.7, for such a group one has d = cd Q (G). These groups have the following fundamental property.
Proposition 4.10. Let G be t.d.l.c. group which is a rational duality group of dimension d ≥ 0, and let D G denote its rational dualizing module. Then one has natural isomorphisms of (co)homological functors
Proof. Let (P • , ∂ • , ε Q ) be a projective resolution of the trivial left Q[G]-module Q, which is finitely generated and concentrated in degrees 0 to d. Then
is a chain complex of projective rational discrete right Q[G]-modules concentrated in degrees 0, . . . , d which satisfies 
In particular, (P
is a projective resolution of the rational discrete left
Then, by (4.42) and the remarks following it, one has an isomorphism of chain complexes of projective rational discrete left Q[G]-modules
By the same arguments as used before, one obtains for M ∈ ob( Q[G] dis) and (4.59)
which are natural in M . This yields the claim.
4.7.
Locally constant functions with compact support. Let G be a t.d.l.c. group, and let C(G, Q) denote the Q-vector space of continuous functions from G to Q, where Q is considered as a discrete topological space. Then C(G, Q) is a Q[G]-bimodule, where the G-actions are given by
For any compact open set Ω ⊆ G let I Ω : G → Q denote the continuous function given by I Ω (x) = 1 for x ∈ Ω and I Ω (x) = 0 for x ∈ G \ Ω. Then g · I Ω = I g Ω and
coincides with the set of locally constant functions from G to Q with compact support. It is a rational discrete (4.15) ), and thus (ψ
U . This isomorphism has the following properties. 
(b) For all g, h ∈ G and u ∈ Bi(G) one has
Proof. (a) Let g ∈ G and W ∈ CO(G). Then, by subsection 4.2,
Here we omitted the mappings η W,W ∩O in the notation. Hence
for some left invariant Haar measure µ on G, and 
this completes the proof.
L
Remark 4.12. With a particular choice of Haar measure µ : Bor(G) → R + 0 ∪ {∞} on G one can make (C c (G, Q), * µ ) an associative algebra where * µ is convolution with respect to µ. However, we have seen that Bi(G) carries an algebra structure which is independent of the choosen Haar measure µ (cf. Remark 4.5). Both rational discrete Q[G]-bimodules Bi(G) and C c (G, Q) will turn out to be useful. The standard rational Q[G]-bimodule Bi(G) seem to be the canonical choice for studying Hom-⊗ identities or dualizing functors (cf. §4.3, §4.4); while C c (G, Q) seem to be the right choice for relating the cohomology groups dH
• (G, C c (G, Q)) with the cohomology with compact support of certain topological spaces associated to G (cf. §6.8).
Remark 4.13. Let G be a t.d.l.c. group, and let ∆ : G → Q + denote its modular function. Let Q(∆) denote the rational discrete left Q[G]-module which is isomorphic -as abelian group -to Q and which G-action is given by
Let Q(∆) × denote the rational discrete right Q[G]-module associated to Q(∆), i.e., Q(∆) × = Q(∆) and for g ∈ G and q ∈ Q(∆) × one has q · g = g −1 · q. Then, by Proposition 4.11(b), one has a (non-canonical) isomorphism One has a Q-linear map
which is independent of the choice of the compact open subgroup O of G, i.e., for all u ∈ Bi(G) and all O, U ∈ CO(G) one has
In particular, by definition,
In case that G is unimodular one has the following.
Proposition 4.14. Let G be a unimodular t.d.l.c. group. Then one has (4.78) tr(g · u) = tr(u · g) for all u ∈ Bi(G) and g ∈ G.
In particular, putting
for all g ∈ G and f ∈ C(G, Q), one concludes from (4.66) that
This yields the claim.
4.9.
Homomorphism into the bimodule C c (G, Q). Let G be a t.d.l.c. group. In order to simplify notations we put C c (G) = C c (G, Q) (cf. (4.62)). For a rational discrete left Q[G]-module M we put also
and consider M ⊙ as left Q[G]-module, i.e., for g ∈ G and h ∈ M ⊙ one has
One has a homomorphism of Q-vector spaces (4.82)
, which is given by evaluation in 1 ∈ G, i.e., for m ∈ M and h ∈ M ⊙ one has 
However, M * is not necessarily a discrete Q[G]-module. For m ∈ M , g ∈ G and h ∈ Hom G (M, C c (G)) one concludes from (4.81) and (4.84) that 
Proof. Let h ∈ M ⊙ , h = 0, i.e., there exists m ∈ M with h(m) = 0. In particular, there exists g ∈ G such that h(m)(g) = 0. Since .87) i.e., the diagram
is commutative.
4.10.
Proper signed discrete left G-sets. Let G be a t.d.l.c. group. A signed discrete left G-set Ω (cf. §3.3) will be said to be proper, if G has finitely many orbits on Ω and stab G (ω) is compact for all ω ∈ Ω. In particular, Q[Ω] is a finitely generated projective rational discrete left
and 0 if ξ ∈ {ω,ω}.
In particular, if g ∈ G then
For a proper signed discrete left G-set Ω we put also
In particular, as Ω * = { ω * | ω ∈ Ω } is a proper signed discrete left G-set, Q[Ω * ] is a finitely generated projective discrete left Q[G]-module. One has the following property. Proposition 4.16. Let G be a t.d.l.c. group, and let Ω be a proper signed discrete left G-set. Then im(
Proof. In suffices to prove the claim for a proper signed discrete left G-set Ω with one G × C 2 -orbit (cf. (3.8) ). We distinguish the two cases. Case 1: G acts without inversion on Ω. Let ω ∈ Ω and put O = stab G (ω). By hypothesis, Ω = G · ω ⊔ G ·ω. Let R ⊆ G be a set of representatives for G/O.
.34) and (4.64)), one has
* . From this fact one concludes that
, and that Ω is surjective. Hence the claim follows from Proposition 4.15.
Case 2: G acts with inversion on Ω. Let ω ∈ Ω and σ ∈ G be such that σ·ω =ω. Put U = stab G ({ω,ω}) and O = stab G (ω). In particular, O is normal in U and σ ∈ U. Let S ⊆ G be a set of representatives for G/U, and put R = S ⊔ Sσ. Then R is a set of representatives for G/O. For x ∈ S there exists
, and span Q { k x | x ∈ S } coincides with the eigenspace of the endomorphism σ • ∈ End( O C c (G)) with respect to the eigenvalue
Hence for ̟ ∈ Ω + there exists a unique element y ∈ S such that ̟ = y · ω. This yields
Here we used the fact that I yOσ −1 x −1 (1) = I yU x −1 (1)
* and the claim follows by the same argument as in the previous case.
One also concludes the following. 
where the vertical maps are isomorphisms.
Proof. This is an immediate consequence of Proposition 4.16 and the commutativity of the diagram (4.88).
Discrete actions of t.d.l.c. groups on graphs
The notion of graph which will be used throughout the paper coincides with the notion used by J-P. Serre in [41] , i.e., a graph Γ = (V(Γ), E(Γ)) will consist of a set of vertices V(Γ), a set of edges E(Γ), an origin mapping o : V(Γ) → E(Γ), a terminus mapping t : V(Γ) → E(Γ) and an edge inversion mapping¯: E(Γ) → E(Γ) satisfying (5.1) t(ē) = o(e), o(ē) = t(e),ē = e,ē = e for all e ∈ E(Γ) (cf. [41, §I.2.1]). In particular, E(Γ) is a signed set (cf. §A.5). Such a graph is said to be combinatorial, if the map
is injective. Moreover, Γ is said to be locally finite, if st Γ (v) = { e ∈ E(Γ) | o(e) = v } is finite for every vertex v ∈ V(Γ).
5.1.
The exact sequence associated to a graph. For a graph Γ let
denote the free Q-vector space over the set of vertices of Γ, and let Let L(Γ) = ker(∂), i.e., if Γ is a connected graph the sequence 
The origin mapping is given by the projection on the first coordinate, the terminus mapping is given by the projection on the second coordinate, while the edge inversion mapping permutes the first and second coordinate. The definition we have chosen here follows the approach used in [29, §2] . However, in our setup edges of a graph are directed, and we do not claim Γ to be connected. By construction, G has a discrete left action on Γ = Γ(G, S, O). It is straightforward to verify that Γ is combinatorial. One has the following properties. 
As Γ is combinatorial, the restriction of t to st Γ (O) is injective. This yields the claim. (c) Suppose that Γ is connected, and let g ∈ G. Then there exists a path p = e 0 · · · e n from O to gO, i.e., o(e 0 ) = O, t(e n ) = gO and o(e j ) = t(e j−1 ) for
By induction, one concludes that g j ∈ S, O for all 1 ≤ j ≤ n. By construction, there exists ω n ∈ O such that g n s n ω n = g. In particular, g ∈ S, O , and thus G = S, O . Suppose now that G = S, O . By (a), it suffices to show that for any vertex gO ∈ V(Γ), there is a path from O to gO. By hypothesis, there exists elements s 1 , . . . , s n ∈ S and ω 0 , . . . , ω n ∈ O such that g = ω 0 s 1 · · · s n ω n . Hence for e 0 = ( 
Moreover, as E(Γ) is a rational discrete left Q[G]-module being generated by the finite subset { (O, sO) | s ∈ S }, ker(ε) is finitely generated. This shows (i)⇒(ii).
is a finitely generated discrete left Q[G]-module, i.e., there exist finitely many elements u 1 , . . . , u n ∈ K generating K as Q[G]-module. The set B = { gO −O | g ∈ G\O } is a generating set of K as Q-vector space, i.e., any element u j is a linear combination of finitely many elements of B. Hence there exists a finite subset S ⊂ G \ O such that any element u j is a linear combination of Σ = { sO − O | s ∈ S }. Adjoining the inverses of elements in S if necessary, we may also assume that S is symmetric, i.e., s ∈ S implies s −1 ∈ S. Note that, by construction, one has .7)). In particular, by (5.9), im(∂) = K, and coker(∂) ≃ Q, i.e., Γ is connected (cf. Fact 5.1(b) ). Therefore, G = S, O (cf. Prop. 5.2(c)), and G is compactly generated. This yields the implication (iii)⇒(i) and completes the proof.
5.4. T.d.l.c. groups acting discretely on a tree. Let G be a group acting discretely on a graph Γ, i.e., all vertex stabilizers
, and all edge stabilizers G e = stab G (e), e ∈ E(Γ) are open. For e ∈ E(Γ) the set {e,ē} will be called a geometric edge of Γ. By E g (Γ) we denote the set of all geometric edges of Γ, i.e., E g (Γ) = E(Γ)/C 2 , where C 2 is the cyclic group of order 2 where the involution is acting by edge inversion. Let G {e} denote the stabilizer of the geometric edge {e,ē}, i.e., one has a sign character (5.10) sgn e : G {e} −→ {±1}.
By Q e we denote the 1-dimensional rational discrete left Q[G {e} ]-module with action given by (5.10), i.e., for g ∈ G {e} and q ∈ Q e one has g · q = sgn e (g) · q. For a tree T one has L(T ) = 0. Hence the exact sequence (5.6) specializes to a short exact sequence. This fact implies the following version of a result of I. Chiswell (cf. [14, p. 179] , [23] ).
Proposition 5.4. Let G be a t.d.l.c. group acting discretely on a tree T . Let R V ⊆ V(T ) be a set of representatives of the G-orbits on V(T ), and let R E ⊆ E(T ) be a set of representatives of the G × C 2 -orbits on E(T ).
(a) For M ∈ ob( Q[G] dis) one has a long exact sequence (5.11)
In particular, (5.11) specializes to an exact sequence
Proof. (a) By hypothesis, one has isomorphisms
and a short exact sequence
of rational discrete left Q[G]-modules. Hence (5.11) is a direct consequence of the long exact sequence associated to dExt
• G ( , M ) and (5.14), the Eckmann-Shapiro lemma (cf. §2.9), and the isomorphisms dExt 
Such a group can be represented as the fundamental group of the graph of profinite groups
based on the straight infinite half line Λ, where all injections are the canonical ones, i.e., one has
Thus from Proposition 5.6 one concludes the following.
Remark 5.9. Let p be a prime number. Then Q p = k≥0 p −k Z p , the additive group of the p-adic numbers is a nested t.d.l.c. group, but Q p is not compact. Hence cd Q (Q p ) = 1. 
of Π = π 1 (A, Λ, Ξ). In particular,
, are two presentations of G, then R(φ 1 ) and R(φ 2 ) are stably equivalent, i.e., there exist projective rational discrete Q[G]-modules P 1 and P 2 such that R(
Proof. (a) By van Dantzig's theorem there exists a compact open subgroup
Without loss of generality we may assume that S = S −1 , and choose a subset S + ⊆ S such that S = S + ∪ (S + ) −1 . Let Λ 0 be the graph with a single vertex v with a loop attached for any s ∈ S + , i.e., V(Λ 0 ) = {v} and E(Λ 0 ) = { e s ,ē s | s ∈ S + }. Let (A, Λ 0 ) be the graph of profinite groups based on Λ 0 defined as follows:
Clearly, (A, Λ 0 ) is a graph of profinite groups, and for the canonical map
the relations (5.15) are satisfied. The edge set of the maximal subtree Ξ is empty.
is an isomorphism. This show that there exists a unique group homomorphism φ :
. Then, by construction, any non-trivial element of K acts without inversion of edges and without fixed points on T . Thus, by Stallings' theorem (cf. [41, §I.3.3, Thm. 4]), K is a free discrete group. As K is normal in Π and discrete, K must be contained in QZ(Π). This implies that R(φ) is a rational discrete left , Λ) , φ), such that (i) Λ is a finite connected graph, and (ii) K = ker(φ) is finitely generated as a normal subgroup of Π = π 1 (A, Λ, Ξ). Condition (i) implies that such a group G must be compactly generated. Hence G is of type FP 1 (cf. Thm. 5.3). From condition (ii) follows that R(φ) is a finitely generated rational discrete Q[G]-module. Thus, as R(φ) ≃ L(Γ), where T = T (A, Λ, Ξ, E + ) and Γ = T / /K (cf. (5.6) ), G must be of type FP 2 (cf. Prop. 3.12).
It has been an open problem for a long time whether discrete groups of type FP 2 are indeed finitely presented. Finally, it has been answered negatively by M. Betsvina and N. Brady in [7] . In our context the following question arises. Question 2. Does there exist a non-discrete t.d.l.c. group G which is of type FP 2 , but which is not compactly presented?
6. G-spaces for topological groups of type OS Throughout this section we assume that G is a topological group of type OS, and that F ⊆ Osgrp(G) is a non-empty subset of open subgroups of G satisfying (F 1 ) for A ∈ F and g ∈ G one has g A = gAg −1 ∈ F; (F 2 ) for A, B ∈ F one has A ∩ B ∈ F; In some cases it will be helpful to assume that the class F satisfies additionally the following condition.
(F 3 ) for A, B ∈ Osgrp(G), B ⊆ A, |A : B| < ∞ and B ∈ F one has A ∈ F.
6.1. F-discrete G-spaces. Let G be a topological group of type OS. We fix a nonempty set of open subgroups F satisfying (F 1 ) and (F 2 ). A non-trivial topological space X together with a continuous left G-action · : G × X → X will be called a left G-space. Such a space will be said to be F-discrete, if stab G (x) ∈ F for all x ∈ X. A continuous map f : X → Y of left G-spaces which commutes with the G-action is called a mapping of G-spaces. The non-empty G-space X together with an increasing filtration (X n ) n≥0 of closed subspaces
is a pushout diagram, where S n−1 denotes the unit sphere and B n the unit ball in euclidean n-space (with trivial G-action); (C 4 ) a subspace Y ⊂ X is closed if, and only if, Y ∩ X n is closed for all n ≥ 0.
The dimension of X is defined by
Moreover, X is said to be of type F n , n ∈ N 0 ∪ {∞}, if G has finitely many orbits on Λ k for 0 ≤ k ≤ n.
6.2.
The F-universal G-CW-complex. Let G be a topological group of type OS, and let F ⊆ Osgrp(G) be a non-empty set of open subgroups satisfying (F 1 ) and (F 2 ). A left G-CW-complex X said to be F-universal or an E F (G)-space, if (U 1 ) X is contractable; (U 2 ) for all x ∈ X one has stab G (x) ∈ F; (U 3 ) for all A ∈ F the set of A-fixed points X A is non-empty and contractable.
It is well known that an F-universal G-CW-complex E F (G) exists and is unique up to G-homotopy. The G-CW-complex E F (G) is universal with respect to all G-CW-complexes with point stabilizers in F, i.e., if X is a G-CW-complex with stab G (x) ∈ F for all x ∈ X, then there exists a G-map X → E F (G) which is unique up to G-homotopy (cf. [32, Remark 2.5], [47, Chap. 1, Ex. 6.18.7] ). This space can be explicitly constructed as the union of the n-fold joins of the discrete G-space §6] ). This notion leads to an obvious notion of dimension, i.e.,
may be considered as the topological F-dimension of G. Although this might be the most natural dimension to be considered, we prefered to introduce and study a combinatorial version of this dimension, the simplicial F-dimension of G. This choice is motivated by the fact, that for the examples we are interested in the E F (G)-spaces arise naturally as the topological realization of certain simplicial complexes.
6.3. Simplicial G-complexes. A simplicial complex (cf. §A.1) Σ with a left Gaction will be called a simplicial G-complex. The simplicial G-complex Σ is said to be of type F n , n ∈ N 0 , if G has finitely many orbits on Σ q for all q ∈ {0, . . . , n }, and of type F ∞ , if it is of type F n for all n ∈ N 0 . For a simplicial G-complex Σ and a q-simplex ω = {x 0 , . . . , x q } ∈ Σ q we denote by
the pointwise and setwise stabilizer of ω, respectively. In particular, one has stab G (ω) ⊆ stab G {ω}, and |stab G {ω} : stab G (ω)| < ∞. The simplicial G-complex Σ will be said to be G-tame 3 if stab G (ω) = stab G {ω} for all ω ∈ Σ. For the convenience of the reader some basic properties of simplicial complexes are recollected in §A.
6.4. F-discrete simplical G-complexes. Let G be a topological group of type OS, and let F ⊆ Osgrp(G) be a non-empty set of open subgroups satisfying (F 1 ), (F 2 ) and (F 3 ). A simplicial G-complex Σ will be said to be F-discrete, if stab G (x) ∈ F for all x ∈ Σ 0 . Thus, by (F 2 ), for an F-discrete simplicial G-complex one has stab G (ω) ∈ F and, by (F 3 ), stab G {ω} ∈ F for all ω ∈ Σ. This property has the following consequence.
Fact 6.1. Let G be topological group of type OS, and let F ⊆ Osgrp(G) be a nonempty set of open subgroups of G satisfying (F 1 ), (F 2 ) and (F 3 ). Then for every
Proof. The property of being a G-CW-complex is straightforward. For any point z ∈ |Σ|, there exists a unique q-simplex ω ∈ Σ such that z is an interior point of |Σ(ω)| (cf. Fact A.3). Hence stab G (ω) ⊆ stab G (z) ⊆ stab G {ω}, and thus stab G (z) ∈ F by (F 3 ). 6.5. Contractable F-discrete simplical G-complexes. The F-discrete simplical G-complex Σ will be said to be contractable, if |Σ| is contractable. But note that we do not claim that |Σ| is G-homotopic to a point (cf. [32, Thm. 2.2]).
Example 6.2. Let G be a topological group of type OS, and let F ⊆ Osgrp(G) be a non-empty set of open subgroups satisfying (F 1 ), (F 2 ) and (F 3 ). Let A ∈ F, and put Ω(A) = Σ[G/A] (cf. Ex. A.1). Then Ω(A) is an F-discrete simplical G-complex. By Fact A.4, |Ω(A)| is contractable, i.e., Ω(A) is a contractable F-discrete simplicial G-complex.
We define the simplicial F-dimension of G by (6.5) sdim
For n ∈ N 0 ∪ {∞} we call G to be of type sF n (F), if there exists a contractable F-discrete simplicial G-complex Σ which is of type F n (cf. §6.3).
Moreover, G will be said to be of type sF(F), if there exists a contractable F-discrete simplicial G-complex Σ of type F ∞ satisfying dim(Σ) < ∞.
6.6. The Bruhat-Tits property. The F-discrete simplicial G-complex Σ is said to have the Bruhat-Tits property, if for all A ∈ F one has |Σ| A = ∅. For every point z ∈ |Σ| A there exists a unique q-simplex ω(z) ∈ Σ such that z is contained in the interior of |Σ(ω(z))| (cf. Fact A.3). Hence A ⊆ stab G (z) ⊆ stab G {ω(z)}. Remark 6.5. It is a remarkable fact, that although the Higman-Thompson groups F n,r , T n,r , G n,r are not of finite cohomological dimension, they still satisfy the FP ∞ -condition (cf. [15] ). The Neretin group N n,r of spheromorphism of a regular rooted tree T n,r can be seen as a t.d.l.c. analogue of the Higman-Thompson groups (cf. Remark 3.11). In particular, this group has a factorization
where F n,r is a discrete subgroup isomorphic to the Richard Thompson group F n,r and O is a nested open subgroup of N n,r . Hence the following questions arise. The finiteness conditions we discussed in subsection §6.5 for C-discrete simplicial G-complexes for a t.d.l.c. group G have the following consequence for its cohomological finiteness conditions. Proposition 6.6. Let G be a t.d.l.c. group. Then one has the following.
(
Proof. Let Σ be a C-discrete simplicial G-complex, let ω = {x 0 , . . . , x q } ∈ Σ q , and let ω = x 0 ∧ · · · ∧ x q ∈ Σ q (cf. (A.8) ). Then stab G {ω} is acting on {±ω}, i.e., one has a continuous group homomorphism
Let Q ω denote the 1-dimensional rational discrete left stab G {ω}-module associated to sgn ω , i.e., for g ∈ stab G {ω} and z ∈ Q ω one has g · z = sgn ω (g) · z. Thus if R q ⊆ Σ q is a set of representatives for the G-orbits on Σ q , one has an isomorphism (6.9)
If Σ is contractable, one has H 0 (|Σ|, Q) ≃ Q and H k (|Σ|, Q) = 0 for k = 0. Hence (C • (Σ), ∂ • ) is a projective resolution of the rational discrete left Q[G]-module Q (cf. Fact A.6). In particular, cd Q (G) ≤ dim(Σ). This yields (a).
If Σ is contractable and of type F n , n ∈ N 0 ∪ {∞}, then, by (6.9), C k (Σ) is a finitely generated projective rational discrete left Q[G]-module for 0 ≤ k ≤ n. This yields (b). Part (c) follows by similar arguments. 6.8. Simplicial t.d.l.c. rational duality groups. As in the discrete case it is possible to detect from a group action that a t.d.l.c. group G is indeed a rational duality group. Theorem 6.7. Let G be a t.d.l.c. group, and let Σ be a C-discrete simplicial G-complex such that
and one has (6.10)
dis, and by (D 2 ), C q (Σ) is a finitely generated projective rational discrete Q[G]-modules for all q ≥ 0.
As Σ is locally finite by (D
, where one has to replace Σ 0 by Σ ± 0 (cf. §A.5). Moreover,
is an isomorphism (cf. Prop. 4.16), and one has the commutative diagram
(cf. Prop. 4.17). In particular, one obtains canonical isomorphisms (cf. Fact A.7)
-modules, and non-canonical isomorphisms 6.9. Universal C-discrete simplicial G-complexes. Let Σ be a C-discrete simplical G-complex, and let δ :
Note that property (E 1 ) implies that |Σ| is contractable (cf. [2, Prop. 11.7] ). Let O be a compact open subgroup of G. By hypothesis, any orbit O · x, x ∈ |Σ|, is finite and thus in particular bounded. In particular, O has a fixed point z in |Σ| (cf. [2, Thm. 11.23] ). Let ω(z) ∈ Σ denote the unique simplex such that z is contained in the interior of ω(z) (cf. Fact A.3). Then, by property (E 2 ), O ⊆ stab G (z) = stab G {ω(z)} = stab G (ω(z)), i.e., Σ has the Bruhat-Tits property (cf. §6.6). By property (E 2 ), Σ O is a simplicial subcomplex of Σ, and, by (E 1 ), (|Σ O |, δ) is a complete CAT(0)-space. In particular, |Σ O | is contractable. This shows the following. Proposition 6.8. Let G be a t.d.l.c. group, and let Σ be a C-discrete CAT(0) simplical G-complex. Then |Σ| is an E C (G)-space.
6.10. Compactly generated t.d.l.c. groups of rational discrete cohomological dimension 1. Let G be a compactly generated t.d.l.c. group satisfying cd Q (G) = 1. Then G is of type FP (cf. Thm. 5.3). As G is not compact (cf. Prop. 3.7(a)), one has
(cf. (4.21) ). Hence G is a rational t.d.l.c. duality group. Suppose that Π = π 1 (A, Λ, Ξ) is the fundamental group of a finite graph of profinite groups (A, Λ), i.e., Λ is a finite connected graph. Moreover, Π acts on the tree T = T (A, Λ, Ξ, E + ) without inversion of edges. L We also assume that Π is not compact. Then cd Q (G) = 1 (cf. Prop. 5.6). Hence the simplicial version of the tree T -which we will denote by the same symbol -has the following properties:
(1) T is a locally finite simplicial complex of dimension 1; (2) T is a C-discrete simplicial Π-complex; (3) Π has finitely many orbits on the simplicial complex T , i.e., T is of type F ∞ ; (4) T is Π-tame; (1), (2), (3) and (5) imply that Π is a simplicial t.d.l.c. duality group. Moreover, by Theorem 6.7, one has
. From (4) and (5) one concludes that T is a C-discrete CAT(0)-simplicial Π-complex, and thus an E C (Π)-space (cf. Prop. 6.8).
6.11. Algebraic groups defined over a non-discrete, non-archimedean local field. Let K be a non-discrete non-archimedean local field 5 with residue field F; in particular, F is finite. Let G be a semi-simple, simply-connected algebraic group defined over K, and let G(K) denote the group of K-rational points. In particular, G(K) carries naturally the structure of a t.d.l.c. group. Suppose that G(K) is not compact. Then G(K) has a type preserving action on an affine building (C, S), the Bruhat-Tits building, where (W, S) is an affine Coxeter group. Moreover, d = |S| − 1 coincides with the algebraic K-rank of G. For further details see [17] , [18] , [46] and [50] .
The Tits realization Σ(C, S) of the Bruhat-Tits building (C, S) is a discrete simplicial G(K)-complex of dimension d with the following properties:
(1) For ω ∈ Σ(C, S) its stabilizer stab G(K) (ω) is a parahoric subgroup and hence compact, i.e., Σ(C, S) is a C-discrete simplicial G(K)-complex. (2) G(K) has finitely many orbits on Σ(C, S), i.e., Σ(C, S) is of type F ∞ . (3) As G(K) acts type preserving, Σ(C, S) is G(K)-tame. 5 By a local field we understand a non-discrete locally compact field. Such a field comes equipped with a valuation v, and, in case that v is non-archimedean, v is also discrete. Hence such a field is either isomorphic to a finite extension of the p-adic numbers Qp or isomorphic to a Laurent power series ring Fq[t −1 , t]] for some finite field Fq. [10] , [12] ). From these properties one concludes the following.
Theorem 6.9. Let G be a semi-simple, simply-connected algebraic group defined over the non-discrete non-archimedean local field K.
(a) The topological realization |Σ(C, S)| of the Tits realization of the affine (2), (4), (5), (6) and Theorem 6.7.
Note that G(K) is in particular a simplicial t.d.l.c. rational duality group and
6.12. Topological Kac-Moody groups. Let F be a finite field, and let G(F) denote the rational points of an almost split Kac-Moody group defined over F (cf. 
Indeed, if F is of positive characteristic p, then stabḠ (F) (ω) is a virtual pro-p group for all ω ∈ Σ(Ξ + ) (cf. [40, p. 198, Theorem] ). Let G(F)
• denote the subgroup of G(F) which elements are type preserving on Ξ, and letḠ(F)
• denote the closure of π(G(F)
• is open and of finite index inḠ(F). As G(F)
• is type preserving, one concludes that
Since G(F) (and thusḠ(F)) acts δ-2-transitive on chambers of Ξ, one has that
By a remarkable result of M.W. Davis (cf. [24] ) the topological realization |Σ(Ξ + )| admits aḠ(F)
• -invariant CAT(0)-metric d :
[2, Thm. 12.66]). Hence Proposition 6.8 implies the following. Theorem 6.10. Let F be a finite field, let G(F) denote the rational points of an almost split Kac-Moody group defined over F with infinite Weyl group, and letḠ(F) be the associated topological Kac-Moody group. Then the topological realization
(1) the associated generalized Cartan matrix is symmetrizable, and that (2) 
Thus W is not a rational duality group. Let G(F) denote the rational points of a split Kac-Moody group defined over F with associated Coxeter group is (W, S), and letḠ(F) be the associated topological Kac-Moody group. Then Theorem 6.11 implies, thatḠ(F) is of rational cohomological dimension 2, but thatḠ(F) is not a rational t.d.l.c. duality group, i.e., We close this section with a question which is motivated by (6.19). 
where O is a compact open subgroup, and µ O denotes the left invariant Haar measure on G satisfying µ O (O) = 1. If h ∈ Q + · µ O we simply write h > 0; similarly h < 0 shall indicate that h ∈ Q − · µ O . In some particular cases discussed in §6.10 and §6.11 it will be possible to calculate the Euler-Poincaré characteristic χ(G) explicitly. It is quite likely, that similar calculation can be done also for the examples decribed in §6.12. However, one of the Remark 7.2. Let G be a unimodular t.d.l.c. group, and let P ∈ ob( Q[G] dis) be finitely generated and projective. In [22] it is shown, that r P ≥ 0, and r P = 0 if, and only if, P = 0.
7.2. The Euler-Poincaré characteristic. Let G be a unimodular t.d.l.c. group, and let P 1 , P 2 ∈ ob( Q[G] dis) be finitely generated and projective. Then, by (7.4), one has ρ P1⊕P2 (id P1⊕P2 ) = ρ P1 (id P1 ) + ρ P2 (id P2 ), i.e., (7.9) r P1⊕P2 = r P1 + r P2 .
Let (P • , δ • ) be a finite projective resolution of Q in Q[G] dis, i.e., there exists N ≥ 0 such that P k = 0 for k > N , and P k is finitely generated for all k ≥ 0. From the identity (7.10) one concludes that the value
is independent from the choice of the projective resolution (P • , δ • ) (cf. [45, Proposition 4.1]) for a similar argument). We will call χ(G) the Euler-Poincaré characteristic of G. . Then, by Proposition 7.1,
In particular, if (A, Λ) is a finite graph of finite groups one obtains Proof. Suppose that one of the open embeddings α e : A e → A t(e) is surjective. Then removing the edge e form Λ, idetifying t(e) with o(e) and taking the induced graph of profinite groups (A ′ , Λ ′ ) does not change the fundamental group, i.e., one has a topological isomorphism π 1 (A, Λ,
. Thus we may assume that the finite graph of profinite groups has the property that none of the injections α e : A e → A t(e) is surjective. Since Π is not compact, Λ cannot be a single vertex. Thus, as |A t(e) : α e (A e )| ≥ 2 one has µ Ae ≥ µ A t(e) + µ A o(e) for any edge e ∈ E(Λ). Choosing a maximal subtree of Λ then yields the claim. 6 For a given finite graph of profinite groups it is possible to decide when Π is unimodular.
However, the complexity of this problem will depend on the rank of H 1 (|Λ|, Z). E.g., if Λ is a finite tree, then Π will be unimodular.
7.3.3.
The automorphism group of a locally finite regular tree. Let T d+1 be a (d+1)-regular tree, 1 ≤ d < ∞, and let G = Aut(T d+1 )
• denote the group of automorphism not inverting the orientation of edges. Then, as G is the fundamental group of a finite graph of profinite groups based on a tree with 2 vertices, G is unimodular. One concludes from Bass-Serre theory and §7.3.2 that
where G e is the stabilizer of an edge. Moreover, χ(Aut(T d+1 ) • ) < 0.
7.3.4.
Chevalley groups over non-discrete non-archimedean local fields. Let X be a simply-connected simple Chevalley group scheme, and let K be a non-archimedean local field with finite residue field F. Put q = |F|. Let W be the finite (or spherical) Weyl group associated to X, and let W denote the associated affine Weyl group associated to W . We also fix a Coxeter generating system ∆ of W . Let n = rk(W ) = rk( W ) − 1 = |∆| − 1 denote the rank of W as Coxeter group. It is wellknown that X(K) modulo its center is simple. In particular, X(K) is a unimodular t.d.l.c. group. Let Σ be the affine building associated to X(K) (cf. §6.11). The stablizer Iw = stab X(K) (ω) of a simplex ω ∈ Σ n of maximal dimension is also called a Iwahori subgroup of X(K). Let Σ(ω) = { ̟ ∈ Σ | ̟ ⊆ ω } = P(ω) \ {∅}. For ̟ ∈ Σ(ω) let P ̟ = stab X(K) (̟) denote the parahoric subgroup associated to ̟, i.e., P ω = Iw. Then (7.14) χ(X(K)) = ̟∈Σ(ω)
where |̟| is the degree of ̟, i.e., ̟ ∈ Σ |̟| (cf. §6.11). Any parahoric subgroup P ̟ , ̟ ∈ Σ(ω), corresponds to a unique proper subset ∆(̟) of ∆ of cardinality |ω| − |̟|, i.e., ∆(ω) = ∅. Moreover, In particular, χ(X(K)) < 0.
Remark 7.4. One may speculate whether in a situation which is controlled by geometry the Euler-Poincaré characteristic should be related to a meromorphic ζ-function evaluated in −1. There are some phenomenon supporting this idea which arise even in a completely different context (cf. [16] ). Indeed, using Hecke algebras one may define a formal Dirichlet series ζ G,O (s) for certain t.d.l.c. groups G and any compact open subgroup O of such a group G. It turns out that for the example discussed in §7.3.4 one obtains χ(X(K)) = (−1) n+1 · ζ X(K),Iw (−1) −1 · µ Iw (cf. [22] ). Nevertheless, further investigations seem necessary in order to shed light on such a possible connection.
We close the discussion of the Euler-Poincaré characteristic with a question which is motivated by the examples discussed in §7.3.2 and §7.3.4.
Question 7.
Suppose that G is a t.d.l.c. group admitting a C-discrete simplicial G-complex Σ such that Example A.1. Let X be a set, and let Σ[X] ⊆ P(X) \ {∅} denote the set of all non-trivial finite subsets of X. Then Σ[X] is a simplicial complex -the simplicial complex generated by X.
Example A.2. Let Γ = (V(Γ), E(Γ)) be a combinatorial graph (cf. §5.4). Then Σ(Γ) given by Σ 0 (Γ) = V(Γ) and Σ 1 (Γ) = { {o(e), t(e)} | e ∈ E(Γ) } is a simplicial complex -the simplicial complex associated with the graph Γ.
In a simplicial complex Σ and n ≥ 0 the subset Moreover, Σ is called locally finite if for all A ∈ Σ q one has card(N Σ (A)) < ∞.
A.2. The topological realization of a simplicial complex. With any simplicial complex Σ ⊆ P(X) \ {∅} one can associate a topological space |Σ| -the topological realization of Σ -which is a CW-complex. The space |Σ| can be constructed as follows: Let V = R[X] denote the free R-vector space over the set X, and for A ∈ Σ q , A = { a 0 , . . . , a q }, put (A.6) |A| = { q j=0 t j · a j | 0 ≤ t j ≤ 1, The just mentioned property has the following consequence. A.4. Cohomology with compact support. Let Σ ⊆ P(X) \ {∅} be a locally finite simplicial complex. Put X * = { x * | x ∈ X }, and think of X * as a subset of the Q-vector space C c (X, Q), the functions from X to Q with finite support, i.e., for x, y ∈ X one has x * (y) = δ x,y . Here δ .,. denotes Kronecker's function. For q ≥ 0 put A.5. Signed sets. A set X together with a map¯: X → X satisfyingx = x and x = x for all x ∈ X will be called a signed set. A map of signed sets φ : X → Y is a map satisfying φ(x) = φ(x) for all x ∈ X. Every signed set X defines a Q-vector space 
